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x*+(a+b)x+ab=(xt+a)(x+b) 


Formula 





Factor the following quadratic expressions, by applying the above formula. 
(Note that this method was introduced in Level I.) 


(1) 2°+8x+15= 


(2) x 4+ 10x + 20> 


3) aavat ile 


(4) a*+3ab—10b*= 


(5) 12x? +24x — 96 = 12( ) 


(6) ax*—2ax —8a= 


7) tat yj? + 8a ty) 15> 





(8) tery) @ty)-12= 


(9) (2x + y)*+ 7aQx + y) + 10a? = 


(10) (x —3)?- (x-3) -42= 


12= 


+(x-5)- 


fit te 3 )- 
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Factor the following quadratic expressions. 


(1) @+y—Slie + y)4+6= 


(2) GT 20g) 1s 


(3) Sle Fy) + Stet yy 1S = 


(4) ote ye yy tS 


(3). Oe Ries Ole 0 = 





J12b 


(6) yy ae y) Foe = 


(7) (e+ y)*-2z(44+ y) — 1527S 


(8) (at+b)?+6c(at+b) +52= 


(9) (a+b)?—Tc(a+b) +10c? = 


(10) (a—2b)? — 9c(a — 2b) + 20c? = 
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(2) Gx 4 292 -5= 


) Wa 72-12 = 


(4) 6x?—17x+5= 


) 3x2-13x+4= 
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(6) (ox + 16x 43> 


(8) 2x*+ xy—6y?= 


(9) 4x?-13x-12= 


(10) 6x*-xy-12y?= 


Ji4a Factorization 1 


Time : O Date Name 





uoleonpy jo oynyyAsuy UouNyY odd O 















SET ee 
sean : 
e Eee 






te 









(Ly 2k yee ot yy) oe 


(2) 2iaty)*+Q+y)-3= 


(3) 2at wy 9x hy) es = 


(4)° 3449)? - 1304 y) +4= 


Ji4b 


(5) 2(xt+y)?+3(x+y)+1= 


(6) 2(x+y)?+7a(xt+y)+5a2= 


(7) Six) als y) 3a" = 


(8) 7(x+y)?+13a(x+ y) —2a?= 
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Formulas a* + 2ab + b* = (a+b)? 


a* — 2ab + b* = (a—b)? 





Factor the following quadratic expressions by applying the above formulas. 


(1) 9x?—12x+4= 


(2) x*+4xy+4y*= 


(3). 407  laxy $0 = 


(4) —3ax? + 12axy — 12ay? = —3a( ) 


(5) —x°+4x-4= 


(7) 


+ &) 


(10) 








xy)? + Sat y) + 16= 


x+y) — 10a y) 425 = 


(x — y)* —6a(x— y) + 9a? = 


xy) = 22a 2y) fee 
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actor the following quadratic expressions as shown in the example. 
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1) xt ela b) Se eb) 


2) x?+4x(y+z)+4(y+2z)?= 
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(6). x° + O6x(x+3y) +9(x +3y)?= 


Coe ey Syn yy 


(8). (3x = 2y)* +8 (3x — 2y) + 1637 = 


(9) ter od wee + (y+a)?= 


(10) (a+b)*+6(a+b)(2a+b) + 9(2a+ 5)? = 
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Formula a’ — b* = (a+b)(a—b) 





*This formula is called 
the difference of two squares. 


Factor the following expressions by applying the above formula. 


(1) 9a7= 4b? = 


(2) 5x*-20=5( )= 


(3) 4ax*—-9ay? = 


(ty te a 


As WR a= 


J17 
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(5) (8x+2)*%— (x +3)? 
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(8) 
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_ Factor the following expressions as shown in the example. Make sure that 
your final answer is factored completely. 
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Factor the following expressions as shown in the example. Make sure that 
your final answer is factored completely. 





x* — 18x? + 81 = | . 





J20b 


6) a= 
(6) x’—16x°= 


C]). xo Bary? Sh 6ye = 


Note Summary: 


= In exercises such as | 
1. (x+ y)?-3(x+ y) -10= 
and 
2. (a+ b)*-— (c+ d)?= 
Treating (x + y), (a+b), and (c +d) as single 
quantities, makes the calculations easier. 
® Factoring the expressions, 
Laetey)y stn y) — 10S (ety Sie yt 2) 
2. (a+b)*—(c+d)?=(at+tb+ct+d)(at+b—c-—d) 
If you expand the terms (x + y)’, (a+ b)?, (c+ d)?’, 
the calculations become more complex. 
=" Helpful ways to study exercise 1. 
Gj) Letx+y=A 
Substituting this value into 
Ceyes Ste yd) 
results to A* —3.A — 10. 
(ii), (x+y)?-3(@+y) — 10 
€FD*-3EFY ~ 10 
You can either underline or circle the terms 
that are to be treated as single quantities. 
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(1) 


(2) 


(3) 


(4) 


(5) 





x(Qa-p) 





~yea~ 2) = 


3x(a +1) +6(a +1) = 


da(x +3) +6(x%+3) = 


3a(x— 3) +3(e— 3) = 


axa = 2) 


>6(a = 2) = 


See i 


J21b 





(6). Ze 2) Fa x) 


hy kta pb) 2th) 


(&) Sx(2Za—b) +2ytb— 2a) 


(9) 3ab(2x — y) = Sar(y' 2x) 


a et ee ee 


4a(2y — x) 


(10) 2b(x —2y) — 
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actor the following expressions as shown in the examples. Make sure that 
our final answer is factored completely. 





(1) 9x*(a—b) +4(b-a) 


(2) x*(a—b)+16(b—a) 


(3) 4x%*(x-— 2y) + 9° (2y — x 


(4) a*(x—2y) +4b°Qy — x) 


(Sey ei Sy) 





J22b 


Xx 





x(a 
— pb) 
—6 
x(a > 
b) 
—9 
(a> 
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ah 
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ey 
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actor the following expressions as shown in the example. 





(1) 3(a—b).+ (b- a)? 


(2) Sle a) oa): 


(3) (oa say) 





ote that, when we expand the following expressions, we get the same result for both. 
—a)*=b*—2ab+a’, (a—b)?=a*—2ab+ b* 


Thus, factoring out a —1 from these expressions does not affect the overall sign of the 
uantity. 


J23b 


(4) 202y a Pale 23) 


()\a@Cy a xy + 2a 29) 


(6). x(3b' = 2a)? — 22a — 3p) 


Oy 2 ay ae 


18)" 2a*(a = Gy) Pay xe 
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(2) NOV a eee 2y) 


(3) 40-es oy Se 2a Sa 


(4) xy(e —2y) +3yley — x)? 


J24b 


(5) 2a*(a— 3b) + ab — a)? 


(6) “a= by*Gx—5y) — (6 aye y) 


(1) Sepa Fy) = Oa yr 2) 


(8) Savy 3x) = 1547 (3x = 2y)* 
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Py le ya Sy 


(2). x(a—b)? + 2y(b—a)? 


4a S28 ae 


(Ay xy sy). tay by a) 





J25b 


(5) 6xy?(3y — x) —3x2(x —3y)? 


(6) Se ye y= LOey ty — 2) 


(7) 2x*(x —2y)? + 6xy7(2y — x) 


Note Summary: 


A. ‘To factor expressions, sometimes we need to factor out a —1 from a term, 
so that it can be the same as another term in the expression, allowing us 
to factor that term out. As we factor out a —1, the terms inside the 
parentheses change signs. We have two cases for the sign outside of 
the parentheses: 


1. When the power outside of the parentheses is an even number, the sign of 
the overall term remains the same: 
(ba) =(a—b)* (b= ay = (ab) 
. When the power outside of the parentheses is an odd number, the sign of 


the overall term changes. 
(Oa) lao), (baa) (ab) 


The following example shows what happens when we alter an expression in 
two different ways. Either way is correct. 


1. a(x —3y)*— b(3y — x)? = a(x — 3y)? + d(x — 3y)3 
2. a(x —3y)*— b(3y — x)? = a(3y — x)? — b(3y — x)3 
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Factor the following expressions as shown in the ee 


Ex. 





(1) er ey BE ey 
(2) secs a acs a 
(3) ne aed ae iets 
(i) ab tne + bed Ved 


(5) ab — ac Da = ca 





Note: In the above example, we get the same result if we group the expression into 
x and y terms. 


ax +ay+bx+by=x(at+b)+y(at+b) =(at+b)(x+y) 





J26b 


(6) ab + cd = de bd 


(7) ab ted + be + ad 


(S) ab + cd — bd — ae 


(9) ab—cd+bd—ac 


(10) ab od bd + ac 


ct = 
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Factor the following expressions. 


(lL) a xy tax ay 


(2)) aS ayey ay 


(Ql a ye ay 


(4) © Zax + 3by + 3bx + 2ay 


(5). Zax —Sby +3px.— Jay 


J2/ 


J2/b 


(6) a@° + 2ax.+ ab + 2bx 


(/) a? Jax — ap 2px 


(8) \2ax ab = a* + 2px 


(9) 3ax+2bx +3ay + 2by 


(10) 2ax = Shy > 6b ay 
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actor the following expressions as shown in the example. 





3) 2x4 8 


A) yee hoe 


Se ee 


J28b 


(G) var 2x a2 


(i) wrap = a ed 


(0 eee 


(9) yay = 
¥y ry 


10 See My 
(10) al aor yd 
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Factor the following expressions. 


CD SIDE cheat Gore Sent 


(2 Pay ye 


(Se Ry ey 


(Ay eye oe yee ye 


OO) hae eee 





(6) a*—2ab + b* — ax + bx 


(7). ab ac — 07+ Qhe- 


(Sy go bo ae + be 


2be — c? 


b2 — 


(9) ab Fac 
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Factor the following expressions. Make sure that your final answer is 
factored completely. 


Cy ye eye 2xetx Sy) 


(2) aya ey) + oye y ox 


G). (a> 2b) Gx—5y) + Cb-aa—y) 


(4) any ay x) 2x By) 


(5) Say (2y = Sxl (5 xoe Oy)? 


J 30 b 


(6) 2xy = 47 = 2az + 4yz 


C7) 6 Or + 12 18470 


(8) axey ur aye 


Note Summary: 


A. ‘To factor an expression such as ax + ay + bx + by, group the terms that have 
common factors. 
a can be factored out from the terms, ax + ay =a(x + y) 
5 can be factored out from the terms, bx + by =b(x+ y) 
Fach resulting group has a factor of (x + y). 


B. ‘There are two different ways to factor the expression ax + ay + bx + by 
by grouping. 


1. Factoring out a and b: 
axtayt+bx+by=a(x+ y)+b(x+ y) =(x+ y)(at+b) 
2. Factoring out x and y: 
axt+ay+bx+by=x(a+b)+ y(a+b) =(at+b)(x+y) 
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(1) x74 (a+ 3b) x +3ab= 


(2) x°— (Qat+b)x+2ab= 


(3) x2+(2a—b)x —2ab = 


(4) = Ca b)x = 2a = 


(5) 4 > (a> Sb)x > 3ab— 











x*+3x-a(a+t3) 


(7) x*+bx-—a(atb) 


(Sx = pe = ala) 


(9) x*+2x-—a(a—2) : 


uoreonpg Jo aNysU] uoUMY 700Z O 


KUM(CN J 32 
J 32a Factorization 3 


Time to Date Name 


100% | 





ae ae — a 


Factor the following expressions as shown in the examples. 


Ex, 





Lye (Sy at 2y a Sy 2) 


(2) eek Gy ode (ey 3) ys 2) 


(B) ae ey PS )at ty ty 4) 


(4) x?-—(3y+4)x+ 2y+3)(y+1) 








Gyo ery a (et 6) Oy 1) 


6) 4 (vt2e- Qyt sist) 


YW ey tle Cv sys?) 


(Sy opens Gy 1yisy = 5) 
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Factor the following expressions as shown in the example. 


Ex. 





(1) 2A Gy oye ay 6) 


(2) a Saye Ze Poy 5) 


(3) xe Sr Olan (Gy = ioe 5) 


J 335 


(4) x7 + yx — (67° — 5y +1) 


(o) RP aye — ayes y — 3) 


(6): a= (y= 1D)e Oy Filly + 12) 


(1) ieee yt te Ge lly 6) 


(8) x= yx (67° — Sy +1) 
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Factor the following expressions as shown in the eile 


Ex. 





(ya Say + 2-4 on Fy 6 


(2) we oy toy or Ty G 


(a). + Bay hy oa yo 


J 345 


(Aye oxy Gye be = isy 2S 


(5) ee oye S oa at Oy 


(Oj) say wy ae ily 3 


(0 ee ay ae ee 2 
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Factor the following expressions. 


Ch). xe axy et 2y 44x Tyee 


(2) Sa ye ae ry 


(By ee a ore Oe dy yo 5 


(4): 4 ON yt xa Oy 


J 35 b 


(5) x7 —4y + 3y7 + 4xy—4 


(6) x*—xy—6y?—x+13y-—6 


(7) x7 + bye 4xy bade — Loy —12 


SOR ey Sey ave? 
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(2) oe Sy a ey 


8) oe Say 4a ae oy 


(fae Oey Gx Oy be 


ht. 





(5). x¢4+ y? +92? + 2xy + Oxz + 6y2 


(6) x*°+4y?+ 27+ 4xy+2xz+4yz 


*+4xy + 6xz + 12yz 


24Qz7 


44 dy 


Cy ae 
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Ly ay ae ey ey 


Oo yet Oxy Ox 2y oye 


2) a wae dy 20 


~ 








(4). wet Say +3x +04 12) +6 


ly 6 


24 Sxy+5x—6y? 


? 


(5) 


12 


+ 4xy + 4x —12y* — 24y 


2 


(6) x 
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Factor by using the “cross-multiplication” ae as Shown in the example. 


BX: 





(1) 23" (a 6b) a + Gab 


(2) 2 a Gb ie ab 


(3) 24° + (a+ 30) a+ sab 


J 38 b 


(4) 2x*+ (2a — 3b)x — 3ab 


(5) 2x°— 2a—3b)x — 3ab 


(6) 2x*+ (3a+8)x+a(at4) 


‘C8 Oo i (a+6)x—a(at+3) 


(8) 2x*+ (3a+4b)x+a(a+t 4b) 
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Factor each of the following expressions as shown in the example. 


Ex. 





(1) 2x2+7xy+3y2+9x+7y+4 (3) 2x2+8xy+6y?+11x+13y+5 


(2) 2s Pky +3y 92 7944 











J39b 


(Ay Sx ey ay ie yy 


(S) 2h° 5 [ay Fay Or dy 


(6) 20° Say by oles sy 25 


Cf) 3e2 ays oye lise it 6 
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Factor the following expressions. 


(1) 


(2) 


(3) 


(4) 


EYE Be et Bey ey az) 


x r(yoegie (yt eciey 


xem (oe a pe yy eZ) 


a? — 2b* — 3c? — ab — 2ac — 5bc 


Factorization 3 


Name 


J 40 


J40b 


(3) a? — 8b" + 2c° © 2ab + 3ac 


(6) x7—4y?+3x—2y+2 


(7) 2x°— (Sa — 4b) x — (a+ 2b) Ga — b) 


(8) 2a > Ixy toy + Oe Fy 4 
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Factor the following expressions. 


(hy Oe aay oye iy 


fay 2x Sey ey ee tip be 


(3) 2 e fav Seo Pt iaad léy ss 15 





J41b 


(4) 2x*- 
i Ixy + 6y? + 7x—11y+3 


(S) 2x? 
4 +xy¥— Wot 3x 3y-2 


(6) oD" 
) we +xy— y+ 3x+1 


(7) 2x*-5 
xy-3y’- 
. yr sy = 4p s 


_—_ 
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Factor the following expressions as shown in the example. 


Ex. 





(1) Bae b* + 26° Bab + Sac + She 


(2) Qae + 2b° + 2e* + dab — Sac + Shc 


J42b 


(3) 2a*—3b*—4c? +5ab—2ac + 8be 


(4) 3a*— 6b? —2c* — Tab + 5ac + The 


(5) 2a? —2b* — 3c? + 3ab + Sac — 5be 


(6) 2a*—2b?—c?—3ab+ac + 3bc 
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1. Arrange the expressions, in standard polynomial form, with 5 as the 
variable. Then factor the polynomials as shown in the example. 





(Sar 2b? + Ges Jab + Tac + Yb 


(2). 2a + 2b°+ 2c" 4ab — Sac + Shc 


* Looking at the example on J42a and the example above, we can see that we get the 
same result by arranging the expression with a, b, or c as the variable. 





J 43 b 


2. 3a2 — Sab + 2b? —a—b—10 
Factor the expression. Begin by arranging the expression as follows: 


In exercise (1), arrange it in standard polynomial form, with a as the variable. 
In exercise (2), arrange it in standard polynomial form, with b as the variable. 


(1) With a as the variable, 


30° = 3ab + 2b*- ab aI0 


(2) With Das the variable, 


3a? —5ab + 2b?-—a-—b-—10 
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1. Factor the following expressions by using the difference of two squares. 
(i.e. by forming the given expression into two terms as A’ — B’) 


Ex. 





(1) a? + Gab + Ob ct 


(2) 4a? —12ab + 9b? — 4c? 


(3) de? b+ Obe — 9% 


J44b 


2. a*+2ab+ b* — x? -6x-—9 

Factor the expression. Begin by arranging the expression as follows: 
In exercise (1), arrange it in standard polynomial form, with a as the variable. 
In exercise (2), arrange it in standard polynomial form, with b as the variable. 
In exercise (3), arrange it as the difference of two squares. 


(1) With a as the variable, 


a*+2ab+ b* — x?-—6x—-—9 


(2) With b as the variable, 


a* + 2ab + b? — x? -— 6x -—9 


(3) As the difference of two squares, 


a* + 2ab + b? — x? - 6x —9 
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100% 


mistakes) 0 





( 





Factor the following expressions. You may use any method. 


(hy ae ye ae 4 


(Vee Ore 


(3) 4x?-—12xy+9y?-9 


J45b 


(4) a day ae 


(5) x7 6ax — y? + 9a” 


(6) 9x" + dyz Ay? — 27 


—_— 


(7) x°+4y—2?7—-4+4xy—4z 
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Factor the following expressions. You may use any method. 


(1) be Soa Cad 2be 


(2) 2ad—2be-a2 +b? +0- a? 


(3) Hab 2be ca Zab 


J46b 


(4) ax*—bx*—2bx + 2ax —3a+3b 


(3) 2x xy — yo h3x Gy 2 


(6) 2x°+xy—y?+3x4+1 


(7) x? —4y? = x + 6y — 2 
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KUMCIN’ JA47 
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Formulas | a?+b?=(a+b)(a?—ab+b?’) 


a3 — b? = (a—b)(a?+ab+b?) 





Factor each expression by applying the above formulas. 


(1) x+8y= 


(2) 8x°-27y = 


(3) a’—8b?= 


(4) 8a°+27b°? = 


(5) a—64= 


J47b 


(6) 27a’ —8b?= 


Cy) f= 


(8) a?+8bo= | 


(9) -@ S27/b7= 


(10) 2+ y= 
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100% [ 90% | 


a3 +b? = (a+ b)(a* — ab+ b’) 


a? — b>? = (a—b)(a* + ab+b’) 





Factor each expression by applying the above formulas. 


() 


(2) 


(3) 


(4) 


(5) 


125a° + 8b? = 


27x3 — 64 = 


2x? + 16=2( 


64a* — 27a= 


64x —- x4 = 


J48b 


(6) (a+b)3—8p3 


(2) St yin 


— 


(8) (a+b)3— pb 


CEN (a Bb Bye 
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Factor the following expressions. 


(1) a Es b° 
(ae (at a*b? + b*) 
=(at+{ |)(a-[_)[(a? +b)? — a°b" 


= ( )( )[(a* + b*) + ab] ( ) —ab| 





(2) a 


— p® 
wat ee 





(3) ab 


(Aya ab 


(5) a be 


SS Ee ee ne a 


* Note that in exercises (1) and (2) both methods shown give the same answer. 





(7) ae be > a 


(8) a= b° = Sabla pb) 


Oy 4a 
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Ee 






Factor the following expressions. 


(2a Txt Sy Oe Ty ea 


(QV Sac Fay th lye lis ety 6 


(Ay 2x7 = 2 eee ayer 2k ey 


—_— 


(4). 2a? + 6b? — 18e° + 3be.— Tab 


J50b 


(5) a*+5ab+5a—6b?—12b-6 


(6) a*—4b* — 3c? + 8bce —2ac 


(7) a*—4b? + 4be — ¢? 


(8) 1-—x7+x3- x 





Jodeg pappAd0y UO pazuLig #2 
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ee 


tin) FA eet se § SSSA Eo ost 








(3) aie Platter e1)—[ | 


J51b 


(ye eon el = 


(S) at a + a= 


(6) a7s 29°49 = 


yx ae Le 


QQ) a fatet y= 
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Factor the following expressions. 


(1) x4—18x2+1= 


(2) a Ide fe 


(3). 9° = 38x71 = 


(4) x4-34x?4+1= 


J 52 


J52b 


(SS). 4a t= 
(6) 4x*+ 11x7+9= 

; . is the product of four factors. 
(ye 10x 8 7 


(8) 9x*-—13x7+4= 
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us rearerert 


seule 
a - 
FS 













X. 





(1) (x7+x%-7)(x74+x%-5)- 


(2) (x*+2x—8)(x?+2x+1)-10 


(3) (x? +5x)(x?+5x+6) —16 





(Ay Ge Ok 7a oe ny 


(5) (02 + 3x +3) (x2 4x + 3) + 6x? 


(6) (x? — 7x — 18) (ae + Be 18) + 24x? 


J 54 
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ERTS 


oy 


ts 


= 


perce aaa sie 


BEE: 


Se 


" 
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hown in the example. 


o 


Ing CxXpressions as § 


Factor the follow 





(x= Lie 2x -3)(e—4)-— 15 


(1) 


© 2002 Kumon Institute of Education 


o 


(x+1)(x+2)(x+3)(x +4) - 


(2) 


v) 


J54b 


Gy we 3) te tae 


(4) wile 1) e+ 2) aes) — 15 


(Sy (Pt Det Zeta aye dl 
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ere SE EE a 


; 
Faas 

























Be & oh eee 
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eae Mey ee 
pe pees = ie # nha 
Ses (oF 











(Lo abo) + oleae) ts eta Bb) 


(2) we Gy sez) oe vile x) ee Oe eh + Zaye 


J 55 b 


(3) bc(b—c) —ca(c +a) +ab(a+b) 


(4) a*(bt+c)+b?(c—a) +c?(b—a) —2abc 
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Factor the following expressions. 


(1) x*(b—c)+b?(c+x) —c?(x+b) 


(2) x(b?—c’*) + b(c? — x?) + c(x? — b?) 


3) ey te tye xt ey Hx) SH xyz 





J56b 


(4) (xt y tz) (yet zx t xy) ~ xyz 


(5S) a*b—a*c — ac* — ab* — b*c + bc? + 2abc 
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Factor the expression by using the two different methods shown in the 
examples. 7 


X. 





x?— y?+2zx+2yz+2y—2z-1 


Begin by arranging the expression in standard polynomial form, 
with x as the variable. 


x?— y?+2zx+2yz+2y—2z-1 | 





y) 


ial form 


== 

OS 

5 

S 

ae 

io) 
“ Lee! 

ie) 

as: 

= 

qv} 

~~ 

A 

= 

S 
Se Tees 
ees | 
nr N 
N 6 N 
Baer | 
a Ss 
i es. 
A Coat 
Nas & 
N ee AN 
ia Se 
Hie 3 
A ¢Sa 
+ Be t 
N N 
So NOS 
ee. 
» OF ® | 
Ya 
ze 
= 
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1. ab+2ac + 3b? + 6bc — 5a—13b+ 4c — 10 


Factor the expression. Begin by arranging it as follows: 
In exercise (1), arrange it in standard polynomial form with a as the variable. 


In exercise (2), arrange it in standard polynomial form with D as the variable. 


(1) With a as the variable, 


ab + 2ac + 3b? + 6bc — 5a — 13b + 4c — 10 


(2) With b as the variable, 


ab + 2ac + 3b? + 6bc — 5a — 13b + 4c — 10 


J58b 


2. a*+ 3b? + 4ab + 2ac + 6bc — 4b 4+ 4c —4 


Factor the polynomial using a, b, or c as the variable. 
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Factor the following expressions. 






(1) xP alee (a + 2a De tar 8) Hint: Arrange in standard 
polynomial form, with a as 


the variable. 






J59b 


(2) ax* — a> — a*b + ab? + b? — bx? 
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Factor the following expressions. 


(Ly A yer ye ae a he tS 


(2) ae a ee habe BS be 








J 60 b 


(3) (a+b-—c)(ab—bc-—ca) + abc 


Gy ay De Td) xy 


